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A CONDITION FOR ANALYTIC CONTINUABILITY 
BY 
FREDERICK BAGEMIHL 1) 
(Communicated by Prof. N. H. KuiPER at the meeting of October 28, 1967) 
Let J be an open interval on the real axis in the complex plane, and 
denote the Riemann sphere by Q. Suppose that G1 is a region in the 
upper half-plane and G2 is a region in the lower half-plane such that J 
is a free boundary arc of both G1 and G2. By an arc A; in G1 at the point 
~ E J we mean a Jordan arc extending from a point of G1 to ~ and lying, 
except for .;, in G1• An arc in G2 at ~ is defined analogously. In particular, 
a vertical rectilinear segment in G1 terminating in ~ will be denoted by 
V;1 , and V,-2 will denote such a· segment in G2. 
Assume now that /I(z) is a meromorphic function in G1, /2(z) is a 
metamorphic function in G2, and at almost every point ~ E J (in the 
sense of Lebesgue measure) there exist an arc Ai in G1 at ~ and an arc 
A;2 in G2 at ~ such that the two limits (finite or infinite) 
(1) lim /I(z), 
z-+< 
zEAl 
lim /2(z) 
._,.; 
z EA;' 
exist and are equal. When are /I(z) and /2(z) analytic continuations of 
one another across a subinterval of J? 
The answer to this question is provided by the following theorem, in 
which Cv1,(!, ~) denotes the cluster set (cf. [5]) off at ~along a vertical 
segment V; at .;. 
THEOREM. The functions /I(z) and f2(z) are analytic continuations of 
one another across a subinterval of J if, and only if, there exists a subset 
T of J of second Baire category such that, for every ~ E T, 
(2) 
Proof. The necessity of the condition is obvious. To prove the suf-
ficiency, note first that by the maximality theorem [3] there exist residual 
subsets R1 and R 2 of J such that 
(3) 
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and 
(4) 
where OaMj, ~) is the cluster set of fi(z) at ~ relative to Gj, (j = l, 2), 
(see [5]). 
Let 
Then R is a residual subset of J, and consequently 
If ~0 ERn T, then we have, in view of (2), (3), and (4), 
(5) 
Since the union on the left is a closed set, there is a neighborhood N 
of ~0 and a finite value w E Q such that, for z EN n G1, /I(z) on the 
Riemann sphere is bounded away from w, and the same is true of f2(z) 
for z EN n G2• By an extension of Fatou's theorem, for almost every 
point~ EJo=J n N, the limits 
(6) 
exist. 
lim fr(z), 
Z-->0 
zEV;' 
lim /2(z) 
Z-->0 
z E V;;' 
In view of the fact that the limits in (I) are equal for almost every 
point ~ E J 0 , the ambiguous-point theorem [1] implies that the limits in 
(6) are equal for almost every point ~ E J 0 . Meier has shown, in the proof 
of Theorem 2 in [4] with the aid of Morera's theorem in Maker's form, 
that under the present conditions the functions fr(z) and f2(z) are analytic 
continuations of one another across a subinterval of J. 
REMARK. It is of interest to compare the foregoing theorem with the 
following example. Take fr(z) to be a non-constant holomorphic function 
in the upper half-plane with the property [2] that at every point ~ on 
the real axis there is a rectilinear segment Si in the upper half-plane 
such that 
lim /I(z) = 0; 
Z-> 0 
z es;• 
and take /2(z) to be identically zero in the lower half-plane. The functions 
ft(z) and f2(z) are not analytic continuations of one another. 
We conclude with a consequence of our Theorem. Let J, G1, and G2 
be as originally defined, and assume that fr(z), /2(z) are holomorphic 
functions in G1, G2, respectively. 
CoROLLARY. Suppose that the function fr(z)- /2(z) in G1 has angular 
limit zero at almost every point ~ E J. If there exists a subset T of J of second 
26 
category such that (2) holds for every ~ E T, then h(z) and /2(z) are analytic 
continuations of one another across some subarc of J. 
Proof. According to Theorem (1.11) in Chapter XIV of ZYGMUND 
[6], both /l(z) in G1 and /2(z) in G2 have nontangential limits at almost 
every point ~ E J, and our hypothesis implies that they are equal. The 
Corollary now follows immediately from our Theorem. 
University of Wisconsin-Milwaukee 
REFERENCES 
I. BAGEMIHL, F., Curvilinear cluster sets of arbitrary functions, Proc. Nat. Acad. 
Sci. U.S.A., 41, 379-382 (1955). 
2. , Chordal limits of holomorphic functions at Plessner points, J. Sci. 
Hiroshima Univ. Ser. A-I, 30, 109-115 (1966). 
3. CoLLINGWOOD, E. F., Sur le comportement ala frontiere, d'une fonction mero-
morphe dans le cercle unite, C. R. Acad. Sci. Paris, 240, 1502-1504 
(1955). 
4. MEIER, K. E., Uber die Randwerte meromorpher Funktionen und hinreichende 
Bedingungen fiir Regularitat von Funktionen einer komplexen 
Variablen, Comment. Math. Helvet., 24, 238-259 (1950). 
5. NosHmo, K., Cluster sets, Springer, Berlin, 1960. 
6. ZYGMUND, A., Trigonometric series, vol. II, University Press, Cambridge, 1959. 
